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A one-dimensional stochastic turbulent mixing model is formulated for application to a constant di-
ameter, cylindrical combustion geometry. Simulations are performed to study effects of turbulence and
nonequilibrium chemistry on NO formation in a cylindrically con� ned H2– air jet. Effects of secondary
air injectors, combustion tube diameter, � ow rate, and equivalence ratio on NO formation are presented
over a range of these parameters. It is illustrated that variations of these parameters can lead to reduced
NO production by increasing the turbulence levels and through minimization of residence times in stoi-
chiometric regions where NO production is greatest. Application of these results to the development of
new burner concepts is addressed.

I. Introduction

T HE simulation of turbulent reacting � ows has attracted
increased interest in recent years, particularly in an effort

to increase combustion ef� ciency and decrease pollutant emis-
sions. The need to improve ef� ciency is driven by the reali-
zation that fossil-fuel resources are continually decreasing. In
addition, increased awareness of the environmentally damag-
ing effects of pollutant emissions has sparked efforts to reduce
the allowable limits of these emissions. Although the successes
of turbulence models devised for and applied to nonreacting
� ows with constant � uid properties have demonstrated the
feasibility of using predictive methods to solve these problems,
in most cases, turbulent mixing models have had much dif� -
culty in dealing with problems related to scalar transport and
conversion in reacting � ows. In particular, schemes used for
the prediction of out of equilibrium chemical species in tur-
bulent reacting � ows have not been generally acceptable. Im-
plementation of a mixing and chemistry model that realistically
represents the coupling between the turbulence and chemistry
is essential to accurately predict pollutant formation. The re-
search results presented in this paper are speci� cally directed
at this problem.

A. Motivation

Although the work presented here is of a fundamental na-
ture, it was initially motivated by research in new burner con-
cepts for advanced gas turbine engines for high-speed civil
transport (HSCT). Under the direction of NASA, research in
the U.S. on the HSCT has had a strong environmental focus
with a top priority being the reduction of pollutant emissions
from advanced gas turbine engines. Emissions of most concern
are oxides of nitrogen (NOx), carbon monoxide (CO), and all
unburned hydrocarbons (UHC). In supersonic � ight, it is be-
lieved that the emission of NOx into the stratosphere is an
important mechanism causing the depletion of ozone (O3). NO
and NO2 can take part in a catalytic cycle in which ozone
combines with atomic oxygen to form molecular oxygen while
no NOx is consumed. Under this mechanism, very small quan-
tities of NOx can destroy large quantities of O3 (Ref. 1). CO
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and UHC are primarily formed during landing and takeoff op-
erations when combustion ef� ciency is at a minimum. Inves-
tigations have shown that signi� cant reductions in the quantity
of CO and UHC formed in gas turbine combustors are obtain-
able with modi� cations of current technology or with modi� ed
methods of operating the combustors at idle. Reduction of NOx

emissions, however, has been more dif� cult and is regarded as
the most formidable emission abatement technology challenge
associated with gas turbine engines.2

Most data show that NO is the predominant nitrogen oxide
emitted by combustion devices.3 The two primary mechanisms
of NO formation in the combustion of conventional fuels are
the oxidation of atmospheric nitrogen (molecular) and the ox-
idation of nitrogen-containing compounds in the fuel (fuel ni-
trogen). In most combustion processes, molecular nitrogen is
the dominant source of NO, although when high-nitrogen con-
tent fuels are used, formation of NO through fuel nitrogen
pathways can be signi� cant. Formation of NO in air-breathing
combustors is favored in hot regions where free oxygen atoms
are available.4 Most experimental evidence indicates that max-
imum production occurs when the ratio of fuel to oxidizer is
stoichiometric,3,5 although some con� icting studies have indi-
cated that maximum NO formation occurs in rich � ame zones.6

Drake et al.3 argued that these measurements may have suf-
fered from probe-sampling effects, which may explain their
con� icting results.

Two main combustor designs have been identi� ed for re-
ducing emissions of NOx. One design is the lean premixed
prevaporized (LPP) combustor and another is the rich-burn
quick-quench lean-burn (RQL) combustor. Of these two, the
LPP design emits lower levels of NOx but suffers from certain
operational dif� culties such as autoignition and narrow stabil-
ity limits. The RQL design is more complex but does not suffer
from the same dif� culties as the LPP design. The RQL com-
bustor incorporates dual stages, a fuel-rich primary stage and
a fuel-lean secondary stage as illustrated in Fig. 1. Between
the two stages is a quick quench zone in which the ef� uent
from the primary stage mixes with secondary air prior to burn-
ing in the secondary stage. With this design, the existence of
hot zones containing free-oxygen atoms is avoided. The pri-
mary zone is fuel rich, so that although the mixture is hot,
there is a minimum of free-oxygen atoms. In the secondary
stage, where there is an excess of O2, the temperature is lower,
reducing the formation of NO. It has been found that most of
the NO is formed in the quick quench zone where ef� uent



310 CREMER AND MCMURTRY

Fig. 1 Idealized illustration of the RQL combustor design.

from the primary stage combines with secondary air in an un-
steady turbulent mixing process. The key to further reducing
emissions in this low NOx combustor design is to determine
the best strategy for mixing the secondary air with the ef� uent
from the primary stage to eliminate or signi� cantly reduce the
existence of stoichiometric zones within this region so that less
NOx is formed.

Experimental testing is needed to obtain reliable data con-
cerning the effects of combustor design on engine emissions.
However, performing experiments in conjunction with infor-
mation gained through predictive methods based on knowledge
of the relevant physical processes can substantially streamline
the design process. In addition, once validated, numerical mod-
els constitute a tool that can be used to extrapolate beyond the
experimental database to make predictions of performance for
untested conditions.

B. Modeling Approaches

Most approaches used in simulations of reacting � ows for
design applications involve numerical solutions of the Reyn-
olds-averaged Navier– Stokes (RANS) equations to determine
the steady-state � ow and thermochemical properties. Many
predictive schemes developed for the solution of the RANS
equations are based on gradient transport approaches for mod-
eling the unclosed Reynolds stress and turbulent scalar � ux
terms.7–9 Results obtained by these approaches indicate that
gradient transport models are unable to adequately account for
the unsteady nature of turbulent mixing because correlations
between experiments and predictions deteriorate with increases
in unsteadiness, particularly in predictions of pollutant for-
mation.

The more promising approaches for dealing with chemical
reactions make use of probability density function (PDF) meth-
ods.10 These methods involve the determination of the joint
scalar or joint scalar-velocity single-point PDF. Once this PDF
is known, the mean chemical reaction rates appear in closed
form. The dif� culty with these methods lies within the deter-
mination of the single-point PDF. Two approaches are com-
monly used for this: 1) the general form of the PDF, param-
etrized by a few lower moments, is assumed, or 2) the PDF is
determined by the solution of an evolution equation for the
single point PDF. Although the bene� ts associated with these
methods cannot be overstated, both approaches for determi-
nation of the PDF are problematic. With the assumed PDF
method, the choice of the PDF shape is often quite arbitrary,
and as the number of chemical species grows, this technique
becomes limited by the number of � rst- and second-moment
equations that must be modeled and solved. The direct PDF
approach is more rigorous because the general form of the
PDF is not assumed. However, its dif� culties relate to how the
unclosed molecular mixing terms are modeled in the solution
of the single-point PDF. In most cases, variants of Curl’s coal-
escence– dispersion (C– D) model are used.11 It is widely rec-
ognized that these models have several fundamental shortcom-
ings including the inability to distinguish between the distinct
mechanisms of turbulent convection and molecular diffusion
in turbulent scalar transport.

In this research, the linear eddy model,12,13 a one-dimen-
sional stochastic model of turbulent mixing, has been em-
ployed to model the turbulent reaction process. The key ele-

ment of this model is the explicit incorporation of two distinct
physical mechanisms in the turbulent mixing process: 1) tur-
bulent convection and 2) molecular diffusion. Molecular mix-
ing occurs through diffusive � uxes driven by local gradients
of species concentration and, hence, is a small-scale effect.
Turbulent convection reduces scalar length scales by means of
compressive strain, thereby magnifying local gradients and ac-
celerating mixing. The interaction of these processes at the
smallest scales of the � ow is dif� cult to capture using a mod-
eling approach that does not differentiate between their unique
effects. Multidimensional models cannot account for the small-
scale spatial structure of the scalar � eld for realistic parameter
ranges (because of computational limitations), and are thus in-
capable of accurately representing the combined effects of tur-
bulent stirring and molecular diffusion.

The convection– diffusion– reaction equation governing the
transport of a reactive scalar in a turbulent � ow can be
expressed in the following form:

2ui
= D Ç (1)M

t x x xi i i

where DM is the molecular diffusivity. This equation expresses
the effects of the two mechanisms governing turbulent mixing:
(1) convection (stirring) of the scalar � eld by the velocity � eld,
which results in the stretching and distortion of � uid elements;
and (2) molecular diffusion, the mechanism by which scalar
properties become mixed at the molecular level. The rate term

represents the rate at which is altered because of chemicalÇ
reaction.

In the linear eddy model (LEM), the distinction among these
different physical effects is retained by resolving all length
scales of the � ow. This is, of course, a computationally infea-
sible task in multidimensional � ows. However, with a one-
dimensional spatial description of the scalar � eld, complete
resolution of the relevant range of length and time scales is
achievable for � ows with realistic Re.

Within this one-dimensional representation, molecular dif-
fusion and chemical reaction are treated exactly through nu-
merical solution of the diffusion– reaction equation

2

= D Ç (2)M 2t x

A unique feature of the LEM, which allows for a physically
plausible representation of turbulent mixing in one spatial di-
mension, is the manner in which turbulent convection is im-
plemented. Convection is represented by randomly occurring
rearrangement events that punctuate the diffusion-reaction pro-
cess. Each event involves the instantaneous rearrangement of
the scalar values within a randomly selected segment of the
linear domain according to a speci� ed rule.13

The complete modeling process is summarized as follows.
Molecular diffusion and chemical reaction are treated as con-
tinuum processes acting on the scalar � eld and are treated in
the model by numerical solution of the one-dimensional dif-
fusion– reaction equation along the linear domain. Interrupting
this process are randomly occurring rearrangement events.
These events are governed by a Poisson process with mean
rate B, where B is the domain size and is a rate parameter
with units m 1 s 1. Note that can vary along the linear do-
main to represent spatial variations in turbulence intensity. The
eddy size for each event is chosen by randomly sampling a
PDF f (l ), which represents the eddy size distribution and its
derivation is based on scaling laws for high-Reynolds number
turbulent � ows.13

Most relevant to the present work, the LEM was previously
employed to predict pollutant formation in H2– air combus-
tion.14 In that work a free H2– air jet was treated. Empirically
derived entrainment laws were used to treat the secondary air
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Table 1 Ten-step H2– air chemical mechanism

Reaction Aj bj Ej

Reaction
step

H O2 = OH O 1.2 1017 0.91 69.1 (R1)
O H2 = OH H 1.5 107 2.0 31.6 (R2)
OH H2 = H2O H 1.0 108 1.6 13.8 (R3)
OH OH = H2O O 3.4 1013 0.0 21.0 (R4)
H HO2 = OH OH 1.5 1014 0.0 4.2 (R5)
H OH M = H2O M 2.15 1022 2.0 0.0 (R6)
H H M = H2 M 1.83 1018 1.0 0.0 (R7)
O O M = O2 M 2.86 1018 1.0 0.0 (R8)
H O M = OH M 6.2 1016 0.6 0.0 (R9)
H O2 M = HO2 M 2.0 1018 0.8 0.0 (R10)

entrainment into the fuel jet,15 and � nite rate chemistry was
implemented using a mechanism for H2– air combustion that
was previously developed by Chen and Kollman.16 A thermal
mechanism for NO production was added using the extended
Zeldovich mechanism.17

The simulations in that work were performed for a fuel con-
sisting of 22% argon– 78% hydrogen reacting with air. This
particular fuel was chosen so that comparisons with the ex-
perimental results of Magre and Dibble18 and the PDF com-
putations of Chen and Kollman19 could be made. Menon et
al.14 noted close agreement with the experimental results, par-
ticularly in scatter plots of temperature T vs mixture fraction

illustrating the coupling between the � nite rate chemical ki-
netics and the turbulence. Also, the linear eddy predictions of
the NO emission index (EINO), with units g NO/kg H2, com-
pared very well with the PDF computations. Other qualitative
trends of the dependence of NO production on fuel velocity
and on temperature and radical concentrations were also found
to be consistent with experimentally measured trends.

C. Current Problem Con� guration

The combustion geometry treated here is that of a con� ned
jet in a constant diameter cylindrical geometry. The fuel jet
passes through a con� ned cylindrical region into which spec-
i� ed quantities of air are injected at speci� ed locations and
rates. This geometry allows for an investigation of the effects
of injection strategies on the rate of mixing between the air
and fuel and on the rate of production of NO. Although notably
simpli� ed from the actual combustion chamber of a gas turbine
combustor, this geometry is suitable for the mixing region in
the RQL combustor, where partially reacted fuel and combus-
tion products mix with speci� ed quantities of secondary air.

The remainder of this paper is divided into four sections as
follows. The reduced chemical mechanism for H2– air com-
bustion is discussed in Sec. II. Section III provides a detailed
description of how the primary components of the model, tur-
bulent mixing, chemical reaction, and the various application
speci� c processes dealing with streamwise � uid motion and
injection, are assimilated in the current implementation. In Sec.
IV, model predictions of the effects of various parameters on
the statistics of the mixture fraction and temperature as well
as on NO and other species concentrations are discussed. Sec-
tion V provides a � nal summary and assessment of the work.

II. Chemical Mechanism
Conceptually, any � nite rate kinetics mechanism could be

implemented within each computational cell of the linear eddy
mixing model to account for chemical species production and
destruction. This is accomplished by solving an additional dif-
fusion– reaction equation within each cell for each chemical
species. Such mechanisms could be general enough to account
for differences in thermal and molecular diffusivities and in-
clude large numbers of species and many elementary reaction
steps. To improve the computational ef� ciency, models often
incorporate simpli� cations of the actual full chemical mecha-
nism.

The mechanism used in this research is a reduced H2– air
mechanism developed by Chen and Kollman.16 For a nonpre-
mixed H2– air jet � ame, they considered the 10 elementary
reactions shown in Table 1. The rate constant for the jth re-
action is given by kj = exp[ Ej /(RT )], and the values Aj,

bjA Tj
bj, and Ej are obtained from Warnatz.20

Beginning with a set of 10 scalars, which are the seven
active chemical species (H2, O2, H2O, O, H, OH, and HO2),
plus temperature, density, and pressure, assuming equal dif-
fusivities for all species and temperature, constant pressure
(this is usually assumed in gas turbine combustion chambers),
the ideal gas law, and that the bimolecular reactions R1– R5 in
Table 1 are very fast compared to the three-body radical re-
combination reactions R6– R10, the total number of scalars
describing the combustion process of Table 1 can be reduced
to two. These are a conserved scalar variable and a reactive
scalar n. For H2– air combustion, is the mass fraction of H
atoms normalized so that = 1 in the fuel stream and 0 in the
oxidizer stream. Using this de� nition, the concentrations of the
atomic species and the mixture enthalpy are linearly related to
. Following the work of Chen and Kollman,16 the reactive

scalar (progress variable) n that is used in this work is the total
number of species moles per unit mass (kmoles/kg).

An additional mechanism must be implemented to predict
the formation of NO. In the general case of a hydrocarbon
� ame, NO can be formed through three different pathways: 1)
thermal NO, 2) prompt NO, and 3) fuel NO. In the case of
clean fuels (fuels not containing nitrogen compounds), fuel NO
is not formed. Prompt NO is formed through a mechanism
involving a HCN intermediate and is important in hydrocarbon
� ames.21 For an RQL burner in which conventional hydrocar-
bon fuels are used, the formation of NOx precursors such as
HCN, in the rich zone, would be of concern. However, for the
hydrogen � ame that is considered in this work, only the ther-
mal NO pathway is important and is described by the extended
Zeldovich mechanism. Upon assuming a steady state for the
N atom concentration and that [NO] is well below its equilib-
rium value, the extended Zeldovich mechanism can be reduced
to the single global step4,7

N O = 2NO (3)2 2

and the NO formation rate (g/cm3 s) can be approximated as
SNO = 2k[N2][O]MNO, where k = 1.84 1014 exp( 38,370)/T
cm3/mol-s and [ ] denotes concentration given in (mol/cm3).
Note that the NO formation rate is very sensitive to tempera-
ture as can be seen by the relatively large negative value for
the activation energy. It is also important to point out that the
rate depends on the oxygen atom concentration rather than the
concentration of oxygen molecules. Assuming that O and O2

are in equilibrium can lead to signi� cant underprediction of
the rate of NO formation because relatively high superequilib-
rium concentrations of O can exist in diffusion � ames.

An important point that should be made here is the appli-
cability of the chosen reduced mechanism in treating the prob-
lem of thermal NO formation. The reduced mechanism is
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Fig. 3 Illustration of the model process of air injection at a
downstream location xi. Centerline value of the scalar a) prior to
air injection and b) after injection of a volume of air represented
by L i.

Fig. 2 Schematic of the con� guration used for linear eddy mod-
eling of the mixing region in the RQL combustor.

based on high-temperature combustion of H2 with air and the
assumptions of partial equilibrium are valid near the stoichi-
ometric point where temperatures are high. Because thermal
NO is formed at high temperatures, above 1800 K, the reduced
mechanism is a reasonable representation for studying NO in
hydrogen combustion.

Coupling the reduced H2– air reduced mechanism with the
extended Zeldovich mechanism results in a total of three scalar
equations that need to be solved: 1) mixture fraction, 2) prog-
ress variable, and 3) NO concentration. In the context of the
linear eddy solution methodology, these equations are

= D (4)
t x x

n n dn
= D (5)

t x x dt ,n

n n dnNO NO NO
= D (6)

t x x dt

where is the mixture density, n is the progress variable with
units kmole/kg, and nNO is the NO progress variable with units
kmole NO/kg. The mixture fraction describes the extent of
mixing while the progress variable embodies information con-
cerning the extent of chemical reaction. Knowledge of these
two values alone allows for the determination of all remaining
unknown species concentrations, density, and temperature. The
source term in Eq. (5) is obtained from the look-up table pro-
duced by solution of the reduced mechanism. Neglecting the
equation for the progress variable is equivalent to ignoring
effects of � nite rate kinetics. For example, knowledge of the
mixture fraction alone would be suf� cient to compute equilib-
rium species concentrations, density, and temperature.

III. Implementation
The mixing region of the RQL combustor treated here in-

cludes a con� ned cylindrical region with downstream ports to
accommodate air injection. A simple schematic of the com-
putational con� guration is shown in Fig. 2.

Fuel enters the combustor at the inlet on the left at a tem-
perature of 300 K, while air is injected at multiple locations
downstream, also at a temperature of 300 K. The linear eddy
domain is taken to be along the centerline of the combustor
and extends some appropriate number of diameters Nd down-
stream. The Nd diameters or blocks are further divided into Nc

equally spaced cells of width x = L /NcNd, where L is the
length of the linear eddy domain. This degree of resolution is
determined to be suf� cient if a factor of 2 increase in Nc pro-
duces no apparent change in the scalar properties. For the sim-
ulations discussed here, Nd ranged from 10 to 40 and Nc ranged
from 200 to 800.

Because the LEM is strictly a turbulent scalar mixing model,
velocity � eld statistics are not predicted outputs. To account
for the bulk � uid motion in the streamwise direction caused
by air injection, fuel feed, and thermal expansion, a distinct
computational step must be implemented. The � rst two con-
tributions to streamwise � ow re� ect an introduction of mass
at constant density while the third re� ects reduction of the
reacted � uid density at constant mass. All three, however, rep-
resent volume sources. In the case of air injection and fuel
feed, the volume of the affected cell is � rst held constant,
causing an intermediate increase in density. In the case of
thermal expansion, the intermediate cell density remains un-
changed, so that upon volume expansion the � uid density will
decrease. When the fuel feed, air injection, and combustion
processes are completed at the end of a diffusion time step,
the intermediate cell densities are compared with their equilib-
rium values, computed based on the ideal gas law assuming
constant pressure. To reconcile the volumes, cell contents are

transferred to downstream locations so that the cumulative
equilibrium volume from (0, x) matches the cumulative cell
volume over the same range.

In the case of air injection, the result of the expansion rou-
tine is as shown in Fig. 3 in which a parcel of air of � nite size
L i is injected into the domain at location xi. The size of the
injected air parcel is an important input parameter and is phys-
ically related to the size of the injector. If the size L i of the
injected air parcel and the overall equivalence ratio are known,
the mean rate of air injections at location xi can easily be¯ i

determined. Fuel in-� ow is modeled in a similar manner in
which � uid of a volume equivalent to that of the incoming fuel
is instantaneously displaced downstream. Accounting for ther-
mal expansion, however, is not so straightforward, and the
method as described earlier is accomplished on the discretized
domain as directed by Kerstein.15 The implementation of this
process must be carried out carefully to avoid the occurrence
of numerical diffusion caused by spurious mixing of neigh-
boring cells. Inaccuracies caused by this effect can be the most
severe in the case of high Sc � uids.

Time steps for diffusion, reaction, stirring (rearrangement
events), fuel feed, and air injection, are key parameters in the
implementation of the model and are each speci� ed as follows.
The diffusion time step d is determined to guarantee numerical
stability of the solution of the one-dimensional diffusion equa-
tion. This constraint requires d = ( x)2/DmC, where C 2
and Dm = /Sc. Sutherland’s law is used to provide an estimate
of the variation of dynamic viscosity with temperature. The
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Table 2 Simulation baseline properties

Parameter Value

Diameter, cm 8
Number of injectors 1
Injector location (x/D) 1
Injection size, L 0.02D (0.16 cm)
Fuel composition 78% H2 22% Ar
Fuel velocity, m/s 10
Jet Reynolds number 41,386
Equivalence ratio 0.67

kinematic viscosity is then computed as = / . The chem-
ical rate terms, dependent on the reduced mechanism, are com-
puted in time steps corresponding to the diffusion time step of
the simulation. These rates along with species data are tabu-
lated beforehand in a separate solution of the reduced mech-
anism. The stirring time step s is computed using the rate
parameter , as previously described. Local values of are
dependent on the local turbulence intensity and are computed
for each block based on a locally determined Re = VD/ . A
global event rate E(t) is obtained by integrating (x, t) over
the entire domain of length L. The overall stirring time step is
then given by computing the inverse of E(t). The time step for
fuel injection is taken to be the same as the diffusion time step.
The injector time step i is taken to be the minimum of the i,j,
de� ned to be the time step to the next scheduled injection at
injector j . The i, j are each sampled from an exponential dis-
tribution with mean time . This procedure is carried out to¯ i, j

model the injection step as a Poisson process.
A simulation begins by initializing the model parameters and

the scalar � elds. Initial time steps for diffusion, stirring, and
injection are computed. Based on the relative sizes of these
time steps, the simulation proceeds so that each of these pro-
cesses progresses at the desired frequency.

When the epoch for a stirring event is reached as determined
by ts, a rearrangement event is carried out. A position for the
event center is selected randomly within a block. The block is
selected in a manner that favors those having large local by
sampling a position x from the PDF de� ned by (x, t)/E(t).
Thus, the variation in local Re within the domain directly af-
fects the spatial variation of (x, t) and in� uences the variation
in turbulence intensity within the model. The size of the eddy
is selected according to the PDF f (l ) de� ned in Sec. I. The
mapping process is then accomplished by permuting the scalar
values over the affected region according to a speci� ed map-
ping rule.13 A new stirring time ts is then updated and this
process is repeated when t = ts.

When the epoch for air injection at any of the injectors is
reached, the desired quantity of air is injected at the selected
location in the manner shown in Fig. 3. After completion of
the injection, a new time step i, j for the affected injector is
determined, and i = minj[ (i, j )] is computed. The next injec-
tion time ti is then determined and the injection process is
repeated when t = ti.

In a similar manner, when the epoch for diffusion is
achieved, the mixture fraction, progress variable, and the NO
concentration are updated in each cell. Additional fuel is in-
troduced at the inlet and the expansion process is carried out.
Based on the new properties within the linear eddy domain,
local values of the Re are computed and a new stirring time
step s is determined. Meanwhile, statistics for the scalar � eld
properties are accumulated following an initial transient pe-
riod. The simulation proceeds for the period tf so that statistics
of the steady-state process (independent of the initial condi-
tions) are suitably converged.

IV. Model Predictions
The overall objective of these simulations was to determine

how changes in parameters of the mixing and reaction process
affect NO formation in a geometry relating to the mixing re-
gion in the RQL combustor. Although the physical processes
occurring in the mixing region are, in general, three dimen-
sional and complicated by features that are not considered in
this simpli� ed approach, this implementation can be effec-
tively utilized to investigate fundamental effects of changes in
velocity and length scales and how these changes couple with
� nite rate kinetics in the framework of inertial range turbu-
lence. Based on previous model applications to reacting and
nonreacting � ows,12–15,22– 25 and the ability of the model to cor-
rectly predict scaling properties, a large body of literature ex-
ists providing con� dence in the trends shown next.

The fuel used to obtain the majority of the model results
was a mixture consisting of 78% H2 and 22% Ar. This partic-
ular fuel mixture has been used in both experimental18 and
computational,14,19 diffusion � ame studies. Some simulations
were also performed for the case of an undiluted hydrogen
� ame for comparison. Statistics of the mixture fraction, prog-
ress variable, temperature, density, and species concentrations
were gathered for a large number of simulations. The NO
emission index EINO, de� ned as the cumulative gram mass of
NO produced per kg mass of fuel entering the combustor, was
also computed and used as the primary parameter indicating
the extent of NO emission. Mixing and reaction variables that
were considered were the equivalence ratio, fuel dilution, fuel
velocity, combustor diameter, and several injector variables.
These included injector locations, sizes, and relative � ow rates.
Statistics were gathered by � rst allowing the simulation to
come to a statistical steady state so that effects of the initiali-
zation were no longer apparent. The initial transient period was
de� ned to be the mean time required for a � uid particle to
traverse the entire length of the combustor assuming a velocity
equal to that of the incoming fuel. Instantaneous snapshots of
the � ow� eld properties were then accumulated over time to
compute time averages as well as variances and higher-order
statistics. Particular attention was placed on the mixture frac-
tion and temperature as well as species concentrations.

For the H2– Ar case, stoichiometric values of the mixture
fraction and equilibrium progress variable are stoi = 0.1636
and nstoi = 0.0388 kmoles/kg, and the adiabatic � ame temper-
ature is approximately 2320 K. For the pure H2 case, these
values are stoi = 0.0283 and nstoi = 0.0412 kmoles/kg with an
adiabatic � ame temperature of approximately 2390 K. All pre-
dictions that are shown for this con� guration will be discussed
in terms of a baseline simulation whose parameters are as
shown in Table 2.

The mixture fraction is an important indication of the extent
of mixing. Figure 4 shows the predicted variation of the mix-
ture fraction with axial position and the effects of changing
the injector length scale and fuel velocity. The mean mixture
fraction drops from a value of 1 at the inlet to the fully mixed
value of approximately 0.115, corresponding to a mixture that
is fuel lean. The snapshot of the mixture fraction at one instant
shows that large � uctuations exist in the vicinity of the injector
at x /D = 1. Parcels of air having a mixture fraction value of 0
are being injected at this location. A comparison of Figs. 4a
and 4b clearly shows that the rms decays faster in the case of
� ner injection length scales. Comparison of Figs. 4a and 4c
shows that although the rms appears to decay more slowly in
Fig. 4c when plotted vs axial position, mixing actually pro-
ceeds more quickly in time in this case because of the higher
turbulence intensity.

Plots of the fourth normalized moment, the kurtosis, for the
same three cases are shown in Fig. 5. In all three cases, the
kurtosis appears to � rst rise sharply in the vicinity of the in-
jector and then decay to its Gaussian value of 3 further down-
stream, where it remains constant. This indicates that the PDF
of the mixture fraction can be approximated as Gaussian in
the limit of decreasing rms. This prediction is in agreement
with experimental results obtained for several different tube
geometries.26 It has also been noted that Gaussian shapes are
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Fig. 4 Instantaneous ( ), mean ( —— ), and rms ( – – – ) values
of the mixture fraction showing effects of injector size and fuel
velocity: a) baseline case, b) injector length L i = D/5, and c) fuel
velocity U = 20 m/s.

Fig. 5 Evolution of the fourth normalized moment (kurtosis) for
the same cases as shown in Fig. 4. Baseline case ( —— ), injector
length L i = D/5 (---), fuel velocity U = 20 m/s ( – – – ).

Fig. 6 Axial variation of temperature and species mole fractions
comparing the effects of � nite rate chemistry ( —— ) with the as-
sumption of chemical equilibrium ( – – – ) for the baseline case of
Table 3.

Fig. 7 Axial variation of O, OH, H, and NO mole fractions for
the same cases as in Fig. 6. —— , � nite rate chemistry, – – – , chem-
ical equilibrium.

to be expected in light of the central-limit theorem.27 This re-
sult gives some justi� cation for the use of Gaussian and
clipped-Gaussian single-point scalar PDFs in assumed PDF
models of turbulent mixing.

The interaction between the chemistry and turbulence is best
seen in predictions of the temperature and species scalar � elds.
Because many combustion models assume that time scales of
the combustion reactions are fast in comparison to the mixing
time scales, they often incorporate equilibrium chemistry. It is
therefore instructive to compare predictions obtained assuming
� nite rate chemistry using the previously described reduced
mechanism for H2– air, with those obtained assuming equilib-
rium chemistry. Figures 6 and 7 show the axial variation of
temperature and species concentrations for both cases. It can
be seen in Fig. 6 that agreement is good for temperature and
the major species H2O, O2, and H2. The differences are greatest

in the high-intensity mixing region near the injector, but be-
come negligible further down the length of the combustor
where equilibrium conditions exist. However, a comparison of
radical species concentrations indicates a much different pic-
ture. Predictions of O, OH, H, and NO concentrations shown
in Fig. 7 indicate that the assumption of chemical equilibrium
leads to signi� cant underprediction of these species in the
high-intensity mixing region. As described by the extended
Zeldovich.17 mechanism, an underprediction of O atom con-
centration leads to a reduced rate of NO formation. It can be
seen that most of the NO is being formed in the region where
superequilibrium concentrations of O atoms exist. Very little
NO is produced when the O atom concentration drops to its
equilibrium value.

Another way to illustrate the existence of superequilibrium
radical concentrations is to compute species concentration as
a function of mixture fraction ensemble averaged over the do-
main. Under the assumption of equilibrium chemistry, the mix-
ture fraction uniquely de� nes each species concentration, tem-
perature, and density. In the framework of the H2– air reduced
mechanism, both the mixture fraction and the reaction progress
variable are necessary inputs.

Figure 8 shows the same data as Fig. 7 plotted in this man-
ner. Figures 8a and 8b show the effect of fuel velocity and
nonequilibrium chemistry on combustion temperature and O
atom concentration, respectively. Nonequilibrium effects are
most signi� cant in the vicinity of the stoichiometric mixture
fraction where the � ame temperature and O atom concentration
are the highest. Increased jet velocities consistently produce
larger superequilibrium O atom concentrations leading to
lower average � ame temperatures.

An explanation of the increased effects of superequilibrium
with increasing jet velocities can be based on a Damköhler
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Fig. 8 Comparisons of chemical equilibrium (– – – ) with � nite
rate chemistry (all other lines). Baseline case with U = 10 m/s
(—— ), U = 20 m/s ( ), and U = 40 m/s (----): a) temperature
and b) O mole fraction.

Fig. 9 NO emission index: a) baseline case; b) chemical equilib-
rium; c) U = 40 m/s; d) premixed fuel and air; e) injector length
L i = 0.2D (1.6 cm); f ) equivalence ratio = 0.5; g) undiluted H2; h)
D = 0.16 m, L i = 0.01D (0.16 cm), i) U = 20 m/s; and j) D = 0.16
m, L i = 0.02D (0.32 cm).

Fig. 10 Axial variation of H2 concentration for same labeling and
cases as Fig. 9.

number (ratio of characteristic mixing and reaction time scales)
analysis. As the jet velocity increases, the turbulence intensity
increases causing a reduction in the overall mixing time scale
while the reaction time scale is unchanged. Taking the reaction
time scale to be representative of the time scales for the three-
body radical recombination reactions, increasing jet velocities
cause the mixing time scale to become more competitive with
the reaction time scales. This causes a larger departure from
chemical equilibrium as is seen in the predictions of Fig. 8.
This observation is entirely consistent with experimental data
obtained for turbulent, nonpremixed, H2– air � ames obtained
by Barlow et al.28 These and other observations play a signif-
icant role in thermal NO production. As shown in Fig. 7, as-
sumption of equilibrium concentrations of the radical concen-
trations results in signi� cant underprediction of the rate of
formation of NO. It is also apparent from Fig. 8 that mixing
effects such as fuel velocity play a role in the extent of de-
parture from chemical equilibrium, and will likely have an
effect on NO formation.

Figure 9 shows the predicted effect of a number of mixing
and chemistry parameters on thermal NO formation in this
combustor con� guration. Here, NO production is measured in
terms of the NO emission index EINO. EINO is de� ned as the
number of grams of NO produced per kilogram of H2 entering
the combustor. It can be observed in Fig. 9 that for the cases
shown, EINO rises from a value of 0 at the inlet and plateaus
to a relatively constant value some distance downstream. The
rate at which this occurs depends very strongly on the tem-
perature and O atom concentration. Because the de� nition of
EINO is based on the weight of unreacted fuel entering the inlet,
valid comparisons are obtained by determining EINO at loca-
tions where the concentration of remaining H2 is approxi-
mately the same low value. In consideration of this, Fig. 10,
which shows the variation of the concentration of H2, should
be closely considered when comparing EINO in Fig. 9.

Figures 9 and 10 indicate that in all cases, except for the
increased injector size L i = D/5, a plateau in the curves has
been reached. In this particular case, the combustion is mixing

limited because of the large injection length scales. At a lo-
cation of x/D = 30, a signi� cantly higher concentration of H2

remains than in the remaining cases, and NO continues to be
produced. In these remaining cases, EINO and [H2] have
reached plateaus at this position, indicating that additional NO
is not being produced downstream of this location.

The effects of parametric changes can be best observed by
comparison to the baseline case whose properties are listed in
Table 2. As discussed previously and shown in Fig. 9, as-
sumption of equilibrium concentrations of radical concentra-
tions for computation of NO formation results in underpre-
dictions. Premixing the fuel and air at the inlet produces very
little NO. The primary reason for this is that regions containing
stoichiometric mixtures of fuel and oxygen, where most of the
NO is produced, are entirely avoided because the overall
equivalence ratio here is 0.67. Making the combustion chem-
istry increasingly fuel lean further reduces NO production be-
cause of the lower overall temperatures that exist in nonstoi-
chiometric mixtures. Increasing the jet velocity also has the
effect of producing lower levels of NO. At � rst, this obser-
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Fig. 11 Effect of jet Reynolds number on the formation of NO
measured by the emission index. The lines are from least-square
curves � ts with the predicted slopes shown. The cases shown are
combinations of two equivalence ratios, , with either diluted
(78% H2 22% Ar) or undiluted (100% H2) fuel: = 0.67, diluted
(C); = 0.5, diluted ( ); = 0.67, undiluted ( ); = 0.5, undi-
luted ( ).

vation appears to be in contradiction to Fig. 8b, which indi-
cates the existence of higher concentrations of O atoms in this
case. However, the increased velocities enhance mixing as a
result of the higher turbulence intensity. The effect of this is
to minimize stoichiometric regions where the temperatures and
radical concentrations are the highest. Thus, the overall resi-
dence time within these regions is lower, resulting in lower
NO production. The same is true when the jet diameter is
increased (Fig. 9, curve i) illustrating that the NO emission has
a clear Re dependence. Increasing the jet diameter and the
injector length scales in the same proportion has little effect
on the NO emission index (Fig. 9, curve j ). For the case of
increased injector length scales with � xed jet diameter, mixing
is less ef� cient, resulting in increased NO production. The ef-
fect of fuel dilution can be seen by comparing the baseline
case with the pure H2 case. This is entirely a chemistry effect
in that when the fuel is not diluted with Ar, the combustion
temperature is higher, causing an overall higher rate of NO
formation.

Further analysis of the effect of jet Re on the EINO indicates
that a power-law scaling exists as shown in Fig. 11. The value
of EINO that is plotted for each case is the plateau value as
seen in Fig. 9. The model predicts two different scalings de-
pending on the air– fuel mixture. Fuel dilution is not predicted
to affect the overall scaling, but does affect the level—pri-
marily a result of the different temperature levels that exist for
different fuel dilutions. These predictions appear to be in gen-
eral agreement with experimentally obtained scalings between
EINO and Re obtained by Bilger and Beck,29 Peters and Don-
nerhack,30 and Chen and Driscoll31 for the case of a jet diffu-
sion � ame with and without coaxial air.

V. Conclusions
A one-dimensional stochastic model has been formulated to

study effects of mixing strategies on NO formation in a con-
� ned H2– air jet. Reducing the description of the scalar � eld to
one dimension allows resolution of turbulent stirring, molec-
ular diffusion, and chemical reaction down to the smallest
scales of the � ow. This resolution is necessary to provide re-
alistic predictions of the coupling between � uid mechanics and
chemistry that govern the chemical conversion rates of sec-
ondary species in the H2– air � ame. Con� guration speci� c pro-
cesses, including the fuel and secondary air injection, and ther-
mal expansion have been accounted for in a physically
reasonable manner within the one-dimensional formulation.

The results of this modeling effort have provided informa-
tion on effects of various design parameters on mixing and
reaction in a combustion geometry representative of an RQL
combustor. Although no data exist for direct comparisons, re-
sults of previous linear eddy mixing and reaction simulations
have served both to validate aspects of the model and to pro-
vide mechanistic interpretations of measured properties in a
unifying framework. Comparisons of the trends revealed by
the present study with similar combustion con� gurations pro-
vide con� dence in the trends of NO formation on various ad-
justable parameters. In this regard, the data are most useful in
considering effects of different combustor design changes on
the effects of NO in H2– air combustion.

The present results illustrate how modi� cations in residence
times (changing mean � ow rates through geometry or mass
� ow variations), temperature (fuel stoichiometry), and temper-
ature distributions (secondary fuel injection) all affect product
formation by modifying the instantaneous radical concentra-
tions. In particular, a scaling was shown in which NO emission
index exhibited a power-law decrease with increasing jet
Reynolds number. The decrease was described to be a result
of higher turbulence levels and lower residence times at stoi-
chiometric mixtures. The magnitude of the emission index was
shown to be dependent on fuel dilution, but the rate of de-
crease with increasing Reynolds number, for a given equiva-
lence ratio was not. Lowering the equivalence ratio resulted in
both lower values of the emission index (because of lower
temperatures) and a faster decrease with increasing Reynolds
number. Increasing injector length scale resulted in an increase
in the NO emission index as conversion of H2 became mixing
limited and higher concentrations of H2 remained further
downstream. Premixing results in very small amounts of NO
being formed if the mixture is at an equivalence ratio less than
one. This is a result of the complete avoidance of regions of
stoichiometric mixtures. This latter observation is the motiva-
tion behind lean premixed prevaporized (LPP) combustion
processes, but stability and autoignition issues remain a key
issue here.

Although multidimensional calculations are more desirable
for speci� c design applications, the resolution required to ac-
curately simulate the turbulent mixing and chemical conver-
sion would be computationally infeasible. As such, the current
methodology provides a unique tool to be used in conjunction
with experiments and multidimensional calculations for the de-
sign of advanced combustors. The model can be used in a
stand-alone framework as discussed in this work, but also can
be coupled with multidimensional, steady-state simulations.32
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